We use general concepts of statistical mechanics to compute the quantum frictional force on an atom moving at constant velocity above a planar surface. We derive the zero-temperature frictional force using a non-equilibrium fluctuation-dissipation relation, and show that in the largetime, steady-state regime quantum friction scales as the cubic power of the atom's velocity. We also discuss how approaches based on Wigner-Weisskopf and quantum regression approximations fail to predict the correct steady-state zero temperature frictional force, mainly due to the low frequency nature of quantum friction.
We use general concepts of statistical mechanics to compute the quantum frictional force on an atom moving at constant velocity above a planar surface. We derive the zero-temperature frictional force using a non-equilibrium fluctuation-dissipation relation, and show that in the largetime, steady-state regime quantum friction scales as the cubic power of the atom's velocity. We also discuss how approaches based on Wigner-Weisskopf and quantum regression approximations fail to predict the correct steady-state zero temperature frictional force, mainly due to the low frequency nature of quantum friction. A remarkable example of fluctuation-induced interactions is quantum friction, the drag force experienced between two bodies in relative motion in vacuum, associated with the energy and momentum transfer from one body to the other mediated by the quantum electromagnetic field. Radiation mediated friction is deeply rooted in the foundations of quantum mechanics and it was already discussed by Einstein in his seminal 1917 paper on black body spectrum [1] . Quantum friction has recently attracted attention in the context of macroscopic bodies and atoms in linear [2] or rotational [3] motion above a surface, Coulomb drag in electron transport phenomena [4] , and as the dissipative counterpart of the dynamical Casimir effect [5] . Several authors [6] [7] [8] [9] [10] [11] [12] [13] [14] have obtained quite diverse results for the atom-surface drag at zero temperature, making different predictions as to its dependence on the velocity of the atom and the atomsurface separation. Here we revisit the problem of quantum friction using general concepts of quantum statistical mechanics. We derive a quantum non-equilibrium fluctuation-dissipation theorem (FDT) for an atom in steady-state motion above a surface and compare its predictions with the quantum regression theorem (QRT).
We first consider the prototype problem of a static atom above a planar material surface at zero temperature. The atom is described by an electric dipole operatord located at position r a . In a simple two-state system model (ground |g and excited state |e ) the atomic electric dipole operator is given byd = dσ 1 , where d is the (real) dipole vector andσ 1 = |e g| + |g e| describes the internal degrees of freedom [15] (the generalization to multi-level atoms is straightforward [12, 16] ). Alternatively, in a model of the atom as a harmonic oscillator,d = dq, whereq is a dimensionless position operator [17] . At any given time t, the force on the atom normal to the surface is given by F z (t) = d (t) · ∂ zaÊ (r a , t) . From the Maxwell equations the electric field operator can be written asÊ(r, t) =Ê
c., where G is the electric Green tensor of the surface (the subscripts R and I will denote real and imaginary part), andÊ
denotes the positive-frequency solution for the electric field in the absence of the atom. We will assume that the initial atom + field/matter state is factorizable, ρ(0) =ρ a (0) ρ fm (0), with the joint field/matter subsystem in its vacuum state. Using normal ordering the force can be written as
(1)
where the trace is over the vector coordinates and . . . denotes expectation value over the initial state. Note that in this equationd(t) represents the exact dynamics of the dipole operator, including back action from the field/matter. The two-time correlation tensor
will be a key quantity in what follows. For the equilibrium problem being considered, the stationary (t → ∞) density matrix of the coupled atom-field-matter system has the Kubo-MartinSchwinger (KMS) form,ρ(∞) =ρ KMS ∝ e −βĤ (β is the inverse temperature andĤ is the system's Hamiltonian); at zero temperatureρ(∞) corresponds to the ground state of the whole system. Hence, in the stationary state the two-time correlation tensor tends to C ij (τ ) ≡ tr{d i (τ )d j (0)ρ KMS }, and the zero-temperature FDT [18] relates the corresponding power spectrum S(ω) = (2π)
dτ e iωτ C(τ ) with the atom's polar-
where θ(ω) is the step function and α(ω) is the Fourier transform of α(τ ). Equation (2) holds not only for linear but also for non-linear systems [19, 20] , including an atom treated using a (nonlinear) two-or multi-level model. This can be seen in the following derivation of the FDT, showing its validity for an arbitrary (time independent) system HamiltonianĤ [21, 22] . LetÂ andB be two observables, and define
Using the equilibrium KMS condition M BA (−(τ + i β)) = M AB (τ ) [23, 24] , we have
which reduces to (2) in our case. Both for the oscillator and the two-level atom, C and α are symmetric tensors, and therefore the power spectrum S(ω) is real. Note that α is the non-perturbative polarizability that depends on the optical properties of the surrounding field, the atom, and the surface, and is a function of the atom's position r a (omitted in the following for simplicity). Taking the large-time limit of (1) and using the FDT, one obtains the (non-perturbative and non-Markovian) Casimir-Polder force [25] 
Another commonly used fluctuation relation is the regression theorem [26] and its generalization to the quantum case, known as the quantum regression hypothesis (sometimes called "theorem") given by the Lax formula [27] . The quantum regression theorem (QRT) is approximate, valid only in the weak system-bath coupling limit and near a resonance (see, for example, [22, 28] ). Although successfully used in quantum optics within its range of validity, the QRT is known to fail whenever nonMarkovian and off-resonance effects play an important role [29] : the broadband nature of fluctuation-induced interactions suggests that its use in this context is therefore questionable. Within the QRT the two-time dipole correlation tensor for a two-state atom or a harmonic oscillator for t → ∞ is given by
where ω a and γ a are the atomic transition frequency and dissipation rate, respectively. Using this expression in (1) and taking the large time limit one obtains a Casimir-Polder force of the same form as (4), but with
is the generalized ground state atomic polarizabilty [16] . The QRT fails to give the expression (4) predicted by the FDT and the exact solution for the harmonic oscillator model [30] , which coincides with (4) and reduces to the well-known Lifshitz formula.
The mathematical reason for this discrepancy lies in the distinct large-time behavior of the correlation ten- sor C(τ ). While the QRT predicts an exponential decay, the exact FDT results in a power-law decay for large times τ γ a 1 (and agrees with the QRT only for γ a τ 1). For example, in the large time limit,
. Only in the weak coupling limit (γ a → 0), corresponding to a second-order perturbative calculation in powers of the coupling strengths d, does the QRT coincide with the FDT. A related phenomenon takes place in the spontaneous decay of an excited atom in vacuum, which in the Wigner-Weisskopf approximation is predicted to be exponential, but has large-time power-law corrections [31] .
The previous analysis shows that, beyond the weak coupling regime, the correct large time behavior of the two-time correlation tensor strongly affects the steady state Casimir-Polder force in (1) . We show now that similar considerations also apply to the non-equilibrium situation of an atom moving parallel (along the x-direction) to a flat semi-infinite (z ≤ 0) bulk (Fig.1) . As before, we model the atom by an electric dipole operator and treat its center-of-mass coordinate r a (t) semiclassically. The quantum frictional force is given by F fric (t) = d (t) · ∂ xaÊ (r a (t), t) , where the expectation value is taken with respect to an initial uncorrelated atom+field/matter state in which the field/matter is in its vacuum state [32] . The x-dynamics is governed by m aẍa (t) = F ext (t) + F fric (t), where F ext (t) is an external classical force on the atom that drives it from the initial rest state at r a (t = 0) = (x a , y a , z a ) to a steady-state at time t s after which the atom moves at constant velocity v x above the surface, r a (t) = (x a + v x t, y a , z a ). In the large-time limit, the stationary frictional force is given by
} is the two-time correlation tensor in the non-equilibrium stationary statê ρ(∞) of the coupled moving atom plus field/matter. Note that it depends on the velocity of the atom, which is denoted by the v x dependency after the semi-colon in the expression above. Once more, we emphasize thatd(τ ) contains the exact dynamics of the moving atomic dipole, i.e. including the backaction from the field/matter.
There is an extensive literature on non-equilibrium fluctuation theorems, trying to generalize fundamental equilibrium results such as the fluctuation-dissipation theorem to non-equilibrium steady-state configurations (see, for example, [33, 34] ). One of the challenges is to identify the form of the non-equilibrium stationary density matrix, which is no longer described by a KMS state but is model-dependent. Despite this limitation, we will show that it is still possible to draw general conclusions about the frictional force in the low velocity limit. In analogy to the static case, we define a power spectrum S(ω; v x ) = (2π)
, which is again a real and symmetric tensor since in our description C is symmetric. Using the symmetry properties of the Green tensor G for the homogeneous planar surface (see [35] , for example), (5) can be re-written as
Note that in this expression the power spectrum S depends on the wave vector only through the Doppler shifted frequency ω−v x k x . The friction is the momentum transfer k x to the atom weighted by its Doppler-shifted power spectrum and by the electromagnetic density of states, all integrated over frequency and momentum. As expected, the force vanishes for v x = 0: since S is symmetric only the symmetric part of G I (even in k x [35] ) is relevant. The integral then vanishes for parity reasons.
Generally one is interested in computing F fric to leading-order in v x . For this, however, one needs to know the expression for S(ω; v x ), which in general is not available (see, however, the harmonic oscillator model below). Nevertheless, even without this knowledge, it is possible to prove that at zero temperature and in the stationary limit (t → ∞) there are no linear in v x terms in the friction force, independently of the model for the atom's polarizability. Indeed, terms proportional to v x could only arise either from S(−ω; v x ) or from S(k x v x − ω; 0). The contribution of the former term cancels again for parity reasons upon integration over k x . The latter term, corresponding to a stationary stateρ(∞) in which the atom is static, can be evaluated using the equilibrium FDT (2), i.e. S(
Because of the motion-induced Doppler-shift, only frequency modes 0 ≤ ω ≤ k x v x contribute, implying that very low frequencies are relevant at small velocities. Since the atomic polarizability and the Green tensor are susceptibilities, they satisfy the crossing relation and their imaginary parts, being odd in ω, vanish at ω = 0 in our case [36] . An expansion for small v x leads then to
where in the first line we omitted to write the z a dependency of the Green tensor at coincidence. In the second line we have considered the low-frequency (nearfield) form of the Green tensor for a dielectric semi-space described by a complex permittivity (ω) ( 0 in the vacuum permittivity), with ∆(ω) ≡ [ (ω) − 1]/[ (ω) + 1], and we have used α(z a , ω) = δ ij α(z a , ω) (we have reintroduced z a to underscore the dependency of the dressed polarizability on the position of the atom). The above argument proves that, within our description for the atom, the lowest-order expansion in velocity of the zerotemperature, stationary frictional force on an atom moving above a planar surface is at least cubic in v x . In principle, however, in addition to that in (7) there could be other v 3 x contributions to the frictional force arising from v x -derivatives of S(k x v x − ω; v x ). Also, when either of the ω-derivatives of the two tensors in (7) vanish at ω = 0, higher-order terms in v x must be considered.
Regarding the dependency of the stationary frictional force (7) on the atom-surface separation, it must be emphasized that the z −7 a scaling arises solely from the z adependency of the Green tensor. In addition, as explained above, the power spectrum S and the polarizability α implicitly depend on z a via the exact dynamics of the coupled atom-field/matter system. In particular, these quantities are related to the atomic decay, which at short distances and to lowest order in perturbation theory scales as z −3 a , leading in (7) to a total z −10 a dependency of the frictional force. For systems with intrinsic dissipation (e.g. gold nanoparticles) the radiation-induced damping is generally negligible and the frictional force has therefore a milder dependency on separation [2] .
In contrast to the FDT, the QRT predicts that for slow velocities the quantum frictional force is linear in v x . As shown above, such a dependency results in principle from contributions of S(k x v x − ω; 0) in (18) . Using the QRT expression for the two-time correlation tensor in the static case, C ij (t, t − τ ; 0) = d i d j e −i(ωa−iγa/2)τ , and taking the t → ∞ limit one obtains indeed at the leading order expansion
where, for simplicity, we assumed that the atom is isotropic [12] . As for the static Casimir-Polder force, the quantum regression hypothesis fails to give the correct quantum frictional force. Note, however, that once again both the FDT and the QRT give the same quantum frictional force in the limit γ a → 0, consistent with the observation before that the quantum regression hypothesis coincides with the exact fluctuation-dissipation theorem for systems near equilibrium in the weak coupling limit. In this limit, the resulting force is exponentially suppressed in v −1
x [10, 13] . Linear response relations in fluctuational electrodynamics, based on equilibrium fluctuations, can also be employed to study quantum friction for small perturbations around the equilibrium state [9-11, 14, 37, 38] . In agreement with our analysis, at zero temperature the linear-in-velocity frictional force vanishes. However, far from equilibrium situations require fully non-equilibrium fluctuation relations.
The previous derivation uses general principles based on the fluctuation-dissipation theorem in nonequilibrium settings. In the following, we present an alternative derivation that does not resort to the FDT, and compute quantum friction for the harmonic oscillator model by directly solving the equations of motion for the atomic dipole in the stationary limit (in the Supplemental Material we present a similar derivation for the two-state system). The dynamics of the dipole operator for the moving harmonic oscillator atom can be solved for exactly. Its equation of motion, including the back reaction of the electromagnetic field, is given bÿ (t), t) . Splitting the solution to Maxwell's equations for the total fieldÊ as a sum of free (Ê 0 , homogeneous solution) and source (Ê S , particular solution) parts and taking the Fourier transform, the equation of motion can be re-written as [ 
i(kxxa+kyya) . The polarizability of the moving oscillator is then given by α ij (ω; v x ) =
, where we have omitted to write the z a dependency of the Green tensor. The dynamic power spectrum S(ω; v x ) is computed starting from
The resulting exact expression for the zero-temperature case is
where the "current" J is given by
Generalized FDT relations for non-equilibrium, stationary classical systems [33] have the same structure as (9) . Since only the symmetric part of the Green tensor con-
, from the previous expressions for the polarizability and the current J, we can deduce that the power spectrum is even in v x . Using the identity α I (ω;
, we rewrite the power spectrum (9) as
. An expansion at low velocity takes the form
. (11) Here we have defined η(ω; 0) = α (ω; 0)·G I (ω)·α
* (the double prime denotes second derivative with respect to velocity), and
The tensor η(ω; 0) vanishes at ω = 0 because it is a sum of terms proportional either to the imaginary part of the Green tensor or to its second derivative. Using (11) in (18) one can verify that to leading order in v x the quantum frictional force for the harmonic oscillator model is exactly given by (7), and the next order is proportional to v 5 x (see Supplemental Material). Our result for the v 3 x dependence of the quantum friction force on a moving atom contrasts with some previous works in the literature that predicted a zero-temperature frictional force linear in v x . In [12] the atom was modeled as a multi-level system and the dipole correlation function in (5) was computed using QRT, which lead to a stationary friction force linear in velocity (8) . Calculations of quantum friction based on QRT, Wigner-Weisskopf, or Markovian approximations encompass an exponentialonly decay of the dipole correlation tensor, which is valid for times t γ −1 a . Importantly, they miss the powerlaw decay at larger times t γ −1 a which strongly affects the low-frequency behavior of the spectrum. The discussion after (18) shows that, in the stationary case, quantum friction is a low-frequency phenomenon (see also the paragraph after (4)). Therefore, it is not surprising that the above mentioned approximations fail to predict the correct stationary behavior and lead to a different dependence of the force on the atom's velocity. On the other hand, in [13] the atom was modeled as a harmonic oscillator and, by calculating the power dissipated by the atom into pairs of surface plasmons using an approach based on standard perturbation theory, a linear-in-velocity frictional force similar to [12] was obtained (within the same approximations an identical result is obtained for a twolevel atom). This time-dependent perturbative approach assumed that the atom remains in its bare ground state, and is valid for times not too long for which decays are still exponential. In contrast, our previous calculation shows that in the large-time, non-equilibrium steadystate the quantum frictional force becomes cubic in velocity.
Due to the weak nature of quantum friction, its experimental detection is challenging. Indeed, in the near field our result (7) takes the form
where ρ is surface's electrical resistivity and α 0 the static atomic polarizability. As an example, for a ground state 87 Rb atom (α 0 = 5.26 × 10 −39 Hz/(V/m) 2 [39] ) flying at v x = 340m/s at a distance z a = 10 nm above a silicon semi-space (ρ = 6.4×10
2 Ωm), the zero temperature drag force is F fric ≈ −1.3 × 10 −20 N. Nevertheless, new experimental setups (e.g. new materials [4] and/or new geometries [40] ) and techniques (e.g. atom-interferometry) could make it accessible in the near future.
In summary, we have studied quantum friction using general concepts of quantum statistical mechanics. We have derived a generalized non-equilibrium fluctuationdissipation relation for an atom in steady motion above a surface, and shown that at low speeds the quantum frictional force is cubic in velocity. The analysis can be extended to include thermal fluctuations. In the hightemperature (classical) limit ( βγ 1 [22] ), however, quantum regression agrees with the FDT [22, 28, 41] , and the resulting frictional force scales linearly with velocity. A study similar to the one present here can be performed for the case of macroscopic bodies in relative motion [2, 42] ). Finally, we would like to stress that our discussion of the implications and limitations of the use of fluctuation relations in calculations of equilibrium and non-equilibrium atom-surface interactions can potentially impact a broad range of fields such as atom interferometry and atom-chips.
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